We present a study of the ferromagnetic spin chain with both first-and second-neighbor interactions. We obtain the condition for the appearance and stability of bright and dark solitons for arbitrary wave number in the Brillouin zone. The influence of the second-neighbor interaction and the anisotropy on the soliton properties is considered. The scattering of dark solitons from point defects in the discrete spin chain is investigated numerically.
Introduction
Considerable attention has been devoted to the study of solitary waves in solids. A large amount of theoretical and experimental research has been dedicated to onedimensional magnetic systems [1] .
In the past, quasione-dimensional magnets were thought to be somewhat simpler than the more interesting three-dimensional systems, and have hence only been investigated in passing. They have, however, turned out to be particularly interesting in their own right. It was found that rear magnetic compounds, where coupling between neighboring chains was extremely small, were representative of magnetically one-dimensional materials. Soliton solutions for classical sine-Gordon chains [2] and Heisenberg chains with various anisotropies [3] [4] [5] [6] were obtained and analyzed. In recent years there has been a renewed interest in the topic due to their potential application. Spin-wave dark solitons have been predicted and experimentally generated [7, 8] . Solitons in magnetic thin films [9] and in ferromagnets with biquadratic exchange [10] have also been investigated.
Bright and dark solitons as exact solutions of the nonlinear Schrödinger (NLS) equation have been studied intensively [3, 4, 11] . But models describing the physical effects in solids are mainly discrete and the question arises as to how this discreteness modifies the properties of the nonlinear excitations [12, 13] . Another interesting topic of research with practical importance is the interaction of solitons with impurities [14] [15] [16] [17] [18] . The influence of interactions with second-neighbors [19] and third-neighbors [20] on bright soliton dynamics has also been considered. Novel soliton solutions for nonautonomous and dispersive systems were introduced and studied extensively in [21] [22] [23] .
In the present paper we study the conditions required for the appearance of dark solitons in an anisotropic ferromagnetic chain with first-and second-neighbor interactions. Propagation for arbitrary wave number is considered and the nature of scattering at point defects is investigated.
Hamiltonian of the system
We consider a ferromagnetic Heisenberg chain of N spins with magnitude S described by the following Hamiltonian:
where both nearest-neighbor and next-nearest-neighbor exchange interactions are taken into account. The spin operators S ± , S obey the commutation relations:
In equation (1) J > 0 andJ > 0 ( = 1 2) are the exchange integrals and A is the on-site anisotropy constant, which can be positive (easy axis) or negative (easy plane). IfJ = J the inter-site anisotropy is included. For J =J and A = 0 the model is isotropic. The equations of motion for the operators S + yield (¯ = 1): 
The set of differential equations (4) describes our system. In the continuum limit (wide excitations), it transforms into a perturbed NLS equation, where the perturbing terms are due not only to the discreteness but also to the complicated nonlinear interactions. For J 2 =J 1 =J 2 = A = 0 and wide excitations, (4) turns to the discrete AblowitzLadik equation which is also completely integrable and has soliton solutions. So, for narrow excitations it is necessary to investigate the whole set of equations in (4). Equations similar to (4) have been derived for exciton solitons in molecular crystals [24] .
Soliton solutions
We now look for solutions in the form of amplitudemodulated waves:
where and ω are the wave number and the frequency of the carrier wave respectively (the lattice constant equals unity), and the envelope ( ) is a slowly varying function of position and time. In the continuum limit, when the soliton width is much larger than the lattice spacing (L 1), equation (4) transforms into the following NLS equation for the envelope:
where
In equation (7) is the group velocity and describes the group-velocity dispersion of the carrier waves. Depending on the sign of the expression , equation (6) 
is negative in the whole Brillouin zone. So in this case equation (6) has bright-soliton solutions for 0 < < π/2 and dark-soliton solutions exist for π/2 < < π. The inclusion of positive on-site anisotropy (A > 0) preserves this behavior. The inclusion of negative on-site anisotropy (A < 0) leads to the emergence of a wave number such that is positive for 0 < < and negative for < < π [ Fig. 2(a) ]. The Brillouin zone is then divided in to three regions where the solution alters from dark-to bright-and again to darksoliton. If = π/2 then the solution of equation (6) is of the dark-soliton type in the whole Brillouin zone. The inclusion of weak second-neighbor interactions has influence only on the value of and the size of the regions where different types of solution exist. Strong secondneighbor interactions with J 2 > 1/4 lead to the appearance of an additional region near the band edge π, where the function becomes positive (Fig. 1 ) and consequently the solution is of the bright-soliton type. Fig. 2(b) shows the function for the case of inter-site anisotropy (J 1 = J 2 = A = 0). When the second-neighbor interactions are not taken into account the solution of equation (6) which appear for > 0
and have nonvanishing boundary conditions, | ( )| 2 → const as → ±∞. Note that the condition (8) depends not only on the anisotropy constants but also on the wave number . The dark soliton has the form
where L and are its width and velocity. B determines the value of the amplitude at the center, i.e. the minimum intensity of the soliton | (0)| 2 = B 2 , whereas the maximum intensity is | (±∞)| 2 = 2 0 + B 2 . We can choose L, and B as independent parameters of the soliton. Then 0 , Ω and are given by the relations: 
We next comment on the influence of the next-nearestneighbor interaction on the form and velocity of the soliton solution. The dependence of the velocity on is shown on Fig. 3 . The group velocity is defined in the whole Brillouin zone and coincides with the velocity of bright solitons and of dark solitons for B = 0 [ Fig. 3(a) ]. It is independent of the anisotropy of the model. Small second neighbor interactions affect only the value of the velocity, while strong second neighbor interactions (J 2 > 1/4) can also change its sign. The velocity of the dark soliton itself is shown on Fig. 3(b) . It is nonzero in the regions where dark solitons exist, and its sign is determined by B as given in (10) . We performed numerical simulations based on the general discrete equation (4) , primarily to investigate the nature of the dark soliton solution. As an initial function we use for = 0 the form
which is the exact solution of the quasicontinuum equation. We then observe the evolution of solutions for different anisotropic cases. For wide solitons (L 1) this solution remain stable and its form and velocity are preserved. When the soliton width decreases the discreteness effects of equation (4) become significant and the parameters of the dark soliton change. The dynamics and the modification of the initial velocity for narrow solitons is studied in [25] . In the following analysis we consider wide solitons (L = 10). 
Scattering on point defects
We studied the interaction of dark solitons with impurities in a chain whose size is small compared to the soliton extent. The equation of motion then becomes:
The parameter describes the strength of the impurity at site 0 , which can be attractive or repulsive. In our numerical simulations we investigated the interaction of a propagating dark soliton of the form (13) with a defect placed at the middle of the chain 0 = 500. We observed that in the case of attraction the solitons pass through the defect for arbitrary initial velocity. More interesting is the interaction with repulsive impurities. In the case of repulsion the soliton can be transmitted or reflected by the impurity. For a given initial velocity 0 there is a critical value of the defect | | below which the soliton is transmitted and above which it is reflected. We consider dark solitons whose velocities are determined only by (B = 0). Then, due to the symmetry properties of equations (4) and (14) . We observe that the scattering mechanism depends on the initial velocity and the strength of the impurity. The anisotropy of the chain influences only the amplitude of the soliton in this case. The radiation of dispersive waves in the scenario considered here (slow solitons with strong enough nonlinear interaction) is negligible. A simple expression for can be estimate for these slow solitons ( 1, ∼ ) in the following manner. We use the energy of the soliton in the continuum limit (L 1) given by
By using the solution (9) and integrating over a finite interval of 2L around the minimum of the dark soliton, we can extract as kinetic energy the part proportional to 2 ( 2 ). For the case of inter-site anisotropy (J 1 =J 2 = A = 0) it takes the form
The energy of the interaction with the defect in the initial moment when the soliton is located sufficiently apart from the defect is
When E > E the scattering mechanism will be transmission and when E < E repulsion. The value for can be determinate from the condition E = E . We have
and 
Conclusion
We have investigated the existence and stability of dark solitons in a discrete ferromagnetic chain with both intersite and on-site anisotropy. We have considered the influence of second-neighbor interactions on the dynamics of these soliton waves in the whole Brillouin zone. The complex dependence of the dispersion and the nonlinear coefficients leads to regions in the Brillouin zone where strong second-neighbor interactions can turn the type of soliton solution (from bright to dark or vice versa). The scattering of the dark solitons on point defects has also been investigated. In the process, an estimation of the strength of the repulsive defect for which the regions of repulsion and transmission are separated for slow solitons was obtained. (18) and (19) . The dotes are the values determined from the numerical simulations.
